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Abstract
In this paper, a new type of bivariate basis on a triangle is presented, which is constructed by extending the univariate NTP basis
proposed by Delgado and Peña. Some algebraic properties and its recursive formulae are given. Then a new type of surfaces that
is called triangular DP surface is deﬁned, and its recursive evaluation algorithm is obtained. Also, in the case of low degree, its
subdivision algorithmand degree elevation algorithmare derived. It is shown that this type of surfaces is obviouslymore advantageous
than triangular Bézier surface, and hence extremely useful for geometric design, especially for the situation in which the surface
needs to be evaluated quickly.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In the CONSURF system, developed by Ball [1], a kind of rational cubic polynomial basis was used. In the past
20 years, it has brought a series of research works [3,4,6,8–10] on the generate forms, the geometric properties and
applications, of generalized Ball curves in the CAD academia. Among the rest, Wang-Ball curve [10] and Said-Ball
curve [3,4,9], named by Hu et al. [6], have mostly been considered. Actual results of the research have shown that the
evaluation of Wang-Ball curve has linear complexity [8], but it is not formed by NTP (normalized totally positive) [2]
basis. Contrarily, Said-Ball curve is formed by NTP basis [2], but the evaluation of it has a higher complexity than
linear [8]. In 2003 Delgado and Peña [2] have introduced a new scheme for parametric curves. Since the evaluation for
this type of curves has linear complexity and it is formed by NTP basis which ensures the shape preserving of curves
[2,4], it can make up for the shortage of Wang-Ball curve and Said-Ball curve in some degree, and have a great future
in application of geometric design. For the sake of convenience, we call this type of curves DP-NTP curve, and its basis
univariate DP-NTP basis.
In shape design, we not only pay attention to the form method of curves, but also the mathematics model of surfaces.
With the passage of time, some papers were published which were related to the construction of the surfaces with
generalized Ball basis and DP-NTP basis. In 2001, Wang and Cheng [11] presented a fast evaluation algorithm of
generalized Ball surface in the form of tensor product on a rectangle. In 2005, Jiang and Wang [7] researched the
conversion between DP-NTP surface and Bézier surface in the form of tensor product on a rectangle as well as their
evaluation. On the other hand, generalized Ball surface on a triangle has been under consideration. In 1991, Goodman
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and Said [3] deﬁned bivariate Said-Ball basis on a triangle and designed triangular Said-Ball surface based on the
research of Said-Ball curve. In 1998 Hu et al. [5] extended the univariate Wang-Ball basis to the bivariate cases on a
triangle, designed triangular Wang-Ball surface, and pointed out its good value. In view of the above we can see that
according to imitating or inheriting the mathematical characteristic of univariate basis and extending univariate basis to
bivariate basis on a rectangle or a triangle, we might derive some surfaces with better properties, eg. quick evaluation,
quick degree-reduction, etc., which are similar to those of the parametric curve deﬁned by univariate basis. Noting that
the univariate DP-NTP basis by Delgado and Peña [2] get over the shortage of Wang-Ball basis and Said-Ball basis, it
is signiﬁcant and valuable to develop bivariate DP basis on a triangle.
The paper will give a recursive deﬁnition of triangular DP basis according to the elementary property and degree
attenuation of univariate DP-NTP basis, and will prove its linear independence and other algebraic properties. Then
triangular DP surface will be deﬁned, and its recursive evaluation algorithm for the case of any degree as well as its
subdivision and degree elevation algorithms for the case of low degree will also be derived. It will be shown that this
type of surfaces is more advantageous than Bézier surface on a triangle when the surface needs to be evaluated quickly,
so it can be used widely in geometric shape design.
2. Univariate DP-NTP basis and its elementary property
Deﬁnition 1. (Delgado and Peña [2]). For any positive integer n, on the interval [0,1], a new kind of degree n basis,
introduced by Delgado and Peña, is called DP-NTP basis. It is easy to know that it can be deﬁned by the following
expressions:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cn0 (t) = (1 − t)n,
Cni (t) = t (1 − t)n−i , 1 in/2 − 1,
Cnn/2(t) = (n/2 − n/2)t (1 − t)n/2+1 +
(
1
2
)(n/2−n/2)[1 − tn/2+1 − (1 − t)n/2+1],
Cnn/2(t) =
(
1
2
)(n/2−n/2)[1 − tn/2+1 − (1 − t)n/2+1] + (n/2 − n/2)tn/2+1(1 − t),
Cni (t) = t i (1 − t), n/2 + 1 in − 1,
Cnn(t) = tn,
where n/2 and n/2 denote the greatest integer less than or equal to n/2 and the least integer greater than or equal
to n/2, respectively.
The DP-NTP basis satisfy the following properties [7]:
(1) Positivity: 0Cni (t)1, 0 t1, i = 0, 1, . . . , n.
(2) Normality:∑ni=0Cni (t) = 1, 0 t1.
(3) Symmetry: Cni (1 − t) = Cnn−i (t), i = 0, 1, . . . , n.
(4) Recursiveness: if n is odd and n/22,{
Cni (t) = (1 − t)Cn−1i (t), 0 in/2 − 1,
Cni (t) = tCn−1i−1 (t), n/2 + 1 in.{
Cnn/2(t) = Cn−1n/2−1(t) + 12Cn−1n/2(t),
Cnn/2(t) = 12Cn−1n/2(t) + Cn−1n/2(t).
if n is even and n/23,{
Cni (t) = (1 − t)Cn−1i (t), 0 in/2 − 2,
Cni (t) = tCn−1i−1 (t), n/2 + 2 in.
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⎧⎪⎪⎨
⎪⎪⎩
Cnn/2−1(t) = Cn−1n/2−2(t),
Cnn/2(t) = Cn−1n/2−1(t) + Cn−1n/2(t),
Cnn/2+1(t) = Cn−1n/2+1(t).
(5) Degree attenuation property: In the same family of basis function {Cni (t)}ni=0, in the order of sequence number of
the basis functions, the degrees of the basis functions can be written as: n, n, n− 1, n− 2, . . . , n/2+ 2, n/2+
1, n/2+2, . . . , n−2, n−1, n, n (n is even); or n, n, n−1, n−2, . . . , n/2+3, n/2+2, n/2+2, n/2+
3, . . . , n − 2, n − 1, n, n (n is odd).
The degrees are distributed like a canyon according to the respective sequence number, high in both sides and low
in middle. Though there are two basis functions with the same degree n in both sides and two basis functions with
the same degree of n/2+2 in middle when n is odd, generally, the difference in degrees between two adjacent basis
functions is 1. Since the evaluation of a curve is done by basis, no doubt we can reduce a great deal of multiplicative
calculation with the reduction of the degree of basis. So the special canyon-shape distribution of degrees of the basis
is the main cause of high efﬁciency in recursive evaluation of DP-NTP curve.
It is easy to see that due to the particular recursive relation anddegree attenuation ofDP-NTPbasis, theDP-NTPcurves
which are constructed by this type of basis are more efﬁcient than Bézier curves in degree reduction or evaluation; and
as a result of the normalized totally positivity of DP-NTP basis, DP-NTP curves have good shape-preserving property.
Since DP-NTP basis possess a few advantages in some aspects, it is worthwhile to develop bivariate DP basis on
triangle domain and discuss the corresponding properties. Naturally, it must be pointed out that since there is no yet any
clear deﬁnition of bivariate normalized totally positivity, this paper will discuss bivariate DP basis instead of bivariate
DP-NTP basis.
3. Deriving triangular DP basis and triangular DP surface
We introduce a control net which is similar to Bézier net [5] of triangular Bézier patches, the net can be written as
{Pi,j,k, i + j + k = n} for degree n: Given a triangular domain T : {u, v,w0, u+ v +w = 1}, then we will construct
triangular DP basis
Cni,j,k = Cni,j,k(u, v,w),
deﬁned on T .
By reviewing the construction process of triangular Bézier basis, triangular generalized Ball basis [3,5] and other
types of triangular basis, we can see that usually there exist some similar construction characteristics between bivariate
triangular basis and congeneric univariate basis, especially there are some similar basic algebraic properties. On the
other hand, there is a close relationship between them, for example, bivariate triangular basis can degenerate to some
univariate basis if one of the three parameters u, v, w is taken as zero. Naturally, it is the starting point for constructing
the triangular DP basis to imitate and to inherit the basic algebraic properties of univariate basis. So, in the following
we will ﬁrst list some characteristics of the univariate DP-NTP basis, and then will consider the feasibility of inheriting
these characteristics on the triangle domain T .
3.1. Inheriting basic structure characteristics of univariate DP-NTP basis
In Section 2, we have listed some basic properties of univariate DP-NTP basis, among which the properties (1),
(2) and (3) are most basic. Consequently, we expect that there exist some similar algebraic properties for triangular
bivariate DP basis as follows:
(a) Positivity: Cni,j,k(u, v,w)0, i + j + k = n, u, v,w0, u + v + w = 1.
(b) Normality:∑i+j+k=nCni,j,k(u, v,w) = 1, u, v,w0, u + v + w = 1.
(c) Symmetry: Cni,j,k(u, v,w)=Cnj,i,k(v, u,w)=Cnk,j,i(w, v, u)=Cni,k,j (u,w, v)=Cnj,k,i(v, w, u)=Cnk,i,j (w, u, v),
u, v,w0, u + v + w = 1.
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Fig. 1. A inappropriate scheme for triangular DP basis of degree 2.
(d) Degenerative property: when one of the three parameters {i, j, k} is taken as zero, the basis Cni,j,k can degenerate
to the univariate basis {Cni,n−1,0 = Cni }ni=0 or {Cn0,j,n−j = Cnj }nj=0 or {Cnn−k,0,k = Cnk }nk=0.
We point out that the above properties (a)–(c) are necessary and achievable; however, property (d) cannot be satisﬁed
due to the special condition of the triangular DP basis.
Let us illustrate the reason in detail as follows. When n = 2, Suppose that property (d) is satisﬁed, then we can get
the triangular DP basis functions on each vertex of the triangle net. For example, we have C22,0,0 = u2, C21,1,0 = 1 −
u2 − v2, C20,2,0 = v2, as shown in Fig. 1.
But at the same time, when all comes to all, property (b) should also be satisﬁed. Thus it is necessary that∑
i+j+k=2
C2i,j,k(u, v,w) = u2 + v2 + w2 + (1 − u2 − v2) + (1 − u2 − w2) + (1 − v2 − w2)
= 3 − (u2 + v2 + w2) = 1,
and hence u2 + v2 + w2 = 2. On the other hand, it is obvious that
u2 + v2 + w2 = (u + v + w)2 − 2(uv + vw + uw) = 1 − 2(uv + vw + uw)1.
This leads to a contradiction. That is, property (d) cannot hold for triangular DP basis, hence we should modify it.
Next, we will consider the other algebraic properties of univariate DP-NTP basis, namely properties (4) and (5),
which are listed in Section 2. As stated above, they are the main reason that the DP-NTP curves are more efﬁcient than
Bézier curves in degree reduction or evaluation. So we expect to construct the triangular DP basis by inheriting these
characteristics.
3.2. Inheriting recursiveness and degree attenuation property of univariate basis
If we analyze in-depth degree attenuation of univariate DP-NTP basis, it is easy to ﬁnd that, not only the degrees
are distributed like a canyon according to the respective sequence number, i.e., the degrees are degressive towards the
direction of the center of the canyon, but also the degrees of a sequence formed by a sum of some basis functions, which
are the ﬁrst and (n+ 1)th members of the basis functions, and next are the ﬁrst, second, nth and (n+ 1)th members of
the basis functions, etc., are also degressive towards the direction of the center of the canyon. That is
Cn0 (t) + Cnn(t) = (1 − t)n + tn,
Cn0 (t) + Cn1 (t) + Cnn−1(t) + Cnn(t) = (1 − t)n−1 + tn−1, . . . .
In general, we have
i∑
k=0
Cnk (t) +
i∑
k=0
Cnn−k(t) = (1 − t)n−i + tn−i , 0 in/2 − 1.
This shows that in order to inherit the degree attenuation of the univariate basis, if we set the triangular DP basis
Cni,j,k onto the location of the corresponding node Pi,j,k on the triangular net, then the degree of the basis functions,
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Fig. 2. Triangular DP basis of degree 2.
Fig. 3. Triangular DP basis of degree 3.
should show an inverse pyramid-like shape, the highest on the three vertices of the triangular net and the lowest on the
center. Furthermore, starting from the three vertices of the triangular net, if we symmetrically take some basis functions
towards the direction of the center of the triangular net layer by layer to form a sum sequence, then the degrees of the
sequence should be degressive. As a result, this property will ensure a high efﬁciency for evaluating a DP triangular
surface.
On the other hand, in order to inherit the recursiveness of the univariate basis, we need ﬁrst to design the triangular DP
basis of low degree, and then to express the triangular DP basis of high degree by using one of low degree recursively.
For each basis function, its positivity, normality and symmetry are necessary to be guaranteed.
Based on this thinking, we try to construct the triangular DP basis in order from low degree to high degree. When
n=2, we suppose that the triangular DP basis are equivalent to the triangular Bernstein basis, as shown in Fig. 2. When
n = 3, ﬁrst set the basis functions on each side of the triangular net as shown in Fig. 3. It is obvious that when one of
the three parameters u, v,w is taken as zero, the basis functions C3i,j,k still partially reserve the structure characteristic
of the univariate DP-NTP basis. Again from the normality of basis, we can get
C31,1,1 = 1 −
∑
i,j,k =1C
3
i,j,k = 1 − (u2 + v2 + W 2).
It is not difﬁcult to see that, through this kind of process, the resulting triangular DP basis will be similar to the univariate
DP-NTP basis, also the degrees of the sequence formed by a sum of some basis functions that are located on each side
of the triangular net are degressive towards the direction of the center of the net. That is,
C33,0,0 + C30,3,0 + C30,0,3 = u3 + v3 + w3,
(C33,0,0 + C32,1,0 + C32,0,1) + (C30,3,0 + C31,2,0 + C30,2,1) + (C30,0,3 + C31,0,2 + C30,1,2) = u2 + v2 + w2.
In order to design the triangular DP basis of high degree, we ﬁrst notice that the triangular DP basis functions
correspond to the nodes of the triangular net, respectively. So, starting from the three vertices of the triangular net, the
degree of the basis should be degressive toward the center node of the boundary of the triangle net, along the adjacent
edge of each vertex. According to this algebraic property, by using the symmetry of triangular DP basis functions of
high degree as well as the expressions of triangular DP basis functions of low degree, which are all on the boundary of
the triangle net, it is easy to select the coefﬁcients and the degree of each triangular DP basis function of high degree,
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Fig. 4. (a) Initial set of the triangular DP basis of degree 4. (b) Final set of the triangular DP basis of degree 4.
that are located on the boundary of the triangle net. Further, we can express each triangular DP basis function on the
inner node as a weighted average of some corresponding triangular basis functions, located on the nodes around this
inner node, whose degrees are all one lower than that on the inner node. There are three beneﬁts in this way. First, we
can realize the recursiveness for the triangular DP basis naturally. Second, due to the symmetry of the triangle basis
of low degree which have been designed, and that each basis function of high degree is expressed linearly by some
corresponding basis functions of low degree, so the resulting triangular DP basis of high degree can spontaneously
inherit the symmetry of the triangular DP basis of low degree, Third, more weightily, the degree of each high degree
basis function, which is the sum of the low degree basis functions located on the ambient nodes, must be no more than
the degree of those corresponding low degree basis functions; if the degree of those low degree basis functions which
have been designed are degressive from the boundary of the triangle net to the center, then the basis functions of high
degree also possess this property. In order to ensure the normality, the triangular DP basis functions on the three vertices
of the triangle net should be allowed to adjust properly. In accordance with this method, we design the triangular DP
basis from the boundary of the triangle net to the center layer by layer. Now we show the main process in the case of
n = 4.
First, on the every edge of the triangle net, we construct the basis functions C4i,j,k by partially holding the structure
characteristic of the univariate DP-NTP basis, as shown in Fig. 4(a). Then as a result of the triangular DP basis of
degree 3 which have been given, we let each triangular basis function of degree 4 that is located on the inner node be all
a proper weighted average of three corresponding triangular basis functions of degree 3, such as C42,1,1 = 13 (C31,1,1 +
C32,0,1 +C32,1,0)= 13 − 13 (u3 +v2 +w2). The basis functions C41,2,1 and C41,1,2 can be derived similarly. From the above
we can see that the constant parts of three basis functions C42,1,1, C
4
1,2,1 and C
4
1,1,2 are separated from the constant part
of C31,1,1 and their sum has been equal to 1. In order to ensure the normality
∑
i+j+kC4i,j,k(u, v,w)= 1, the three basis
functions located on the vertices of the triangular net, C44,0,0, C
4
0,4,0, and C
4
0,0,4, should be adjusted properly. Thus, we
set C44,0,0 = 13 (u4 + u3 + u2), and hence the basis constructed in this way can possess the properties which we are
looking forward to. Finally, we get the triangular DP basis of degree 4 as shown in Fig. 4(b).
Based on the above discussion, generally, we can give the following recursive deﬁnition.
Deﬁnition 2. For n= 2, 3, DP basis are deﬁned as shown in Figs. 2 and 3, respectively. Also for the trivial case n= 1,
C11,0,0 = u, C10,1,0 = v, C10,0,1 = w. For n4, suppose i + j + k = n. Then the triangular DP basis of degree n are
recursively given as follows:
(1) When n is even, if i = n or j = n or k = n, set
⎧⎪⎪⎨
⎪⎪⎩
Cnn,0,0 = Cn−1n−1,0,0 + nu,
Cn0,n,0 = Cn−10,n−1,0 + nv,
Cn0,0,n = Cn−10,0,n−1 + nw,
318 J. Chen, G.-J. Wang / Journal of Computational and Applied Mathematics 219 (2008) 312–326
where
n =
(
1
3
)n−4 [ 1
3
(
n − n2
)
+ 23 (
n
2 − n−1)
]
, = u, v,w,
If i, j, k <n, for i = 0, set
⎧⎪⎪⎨
⎪⎪⎩
Cn0,j,k = 13vCn−10,j−1,k (j > k),
Cn0,j,k = 13 (Cn−10,j−1,k + Cn−10,j,k−1), (j = k),
Cn0,j,k = 13wCn−10,j,k−1 (j < k),
for j = 0, set
⎧⎪⎪⎨
⎪⎪⎩
Cni,0,k = 13uCn−1i−1,0,k (i > k),
Cni,0,k = 13 (Cn−1i−1,0,k + Cn−1i,0,k−1) (i = k),
Cni,0,k = 13wCn−1i,0,k−1 (i < k),
for k = 0, set
⎧⎪⎪⎨
⎪⎪⎩
Cni,j,0 = 13uCn−1i−1,j,0 (i > j),
Cni,j,0 = 13 (Cn−1i−1,j,0 + Cn−1i,j−1,0) (i = j),
Cni,j,0 = 13vCn−1i,j−1,0 (i < j),
If 0< i, j, k <n, set
Cni,j,k = 13 (Cn−1i−1,j,k + Cn−1i,j−1,k + Cn−1i,j,k−1).
(2) When n is odd, if i = n or j = n or k = n, set
⎧⎪⎪⎨
⎪⎪⎩
Cnn,0,0 = Cn−1n−1,0,0 + nu,
Cn0,n,0 = Cn−10,n−1,0 + nv,
Cn0,0,n = Cn−10,0,n−1 + nw,
where
n =
(
1
3
)n−4 [ 1
3 (
n − (n+1)/2) + 23 ((n−1)/2 − n−1)
]
, = u, v,w,
If i, j, k <n, for i = 0, set
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cn0,j,k = 13vCn−10,j−1,k
(
j > n+12
)
,
Cn0,j,k = 13Cn−10,j,k−1
(
j = n+12
)
,
Cn0,j,k = 13wCn−10,j,k−1
(
k > n+12
)
,
Cn0,j,k = 13Cn−10,j−1,k
(
k = n+12
)
,
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Fig. 5. Triangular DP basis of degree 5.
for j = 0, set⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cni,0,k = 13uCn−1i−1,0,k
(
i > n+12
)
,
Cni,0,k = 13Cn−1i,0,k−1
(
i = n+12
)
,
Cni,0,k = 13wCn−1i,0,k−1
(
k > n+12
)
,
Cni,0,k = 13Cn−1i−1,0,k
(
k = n+12
)
,
for k = 0, set⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cni,j,0 = 13uCn−1i−1,j,0
(
i > n+12
)
,
Cni,j,0 = 13Cn−1i,j−1,0
(
i = n+12
)
,
Cni,j,0 = 13vCn−1i,j−1,0
(
j > n+12
)
,
Cni,j,0 = 13Cn−1i−1,j,0
(
j = n+12
)
.
If 0< i, j, k <n, set
Cni,j,k = 13 (Cn−1i−1,j,k + Cn−1i,j−1,k + Cn−1i,j,k−1).
As further examples, we give the triangular DP basis of degrees 5 and 6, as shown in Figs. 5 and 6, respectively.
In Fig. 5,
a = 19 − 19 (u4 + v2 + w2), b = 29 − 19 (2u3 + u2w + 2v3 + v2w + 2w2),
c = 29 − 19 (2u3 + u2v + 2w3 + w2v + 2v2), d = 19 − 19 (u2 + v4 + w2),
e = 29 − 19 (2v3 + v2u + 2w3 + w2u + 2u2), f = 19 − 19 (u2 + v2 + w4).
In Fig. 6,
a = 127 − 127 (u5 + v2 + w2), g = 127 − 127 (u2 + v5 + w2), j = 127 − 127 (u2 + v2 + w5),
b = 19 − 127 (2u4 + u3 + u3w + u2w + 2v3 + v2 + v2w + 3w2),
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Fig. 6. Triangular DP basis of degree 6.
c = 19 − 127 (2u4 + u3 + u3v + u2v + 2w3 + w2 + vw2 + 3v2),
d = 19 − 127 (2v4 + v3 + v3w + v2w + 2u3 + u2 + u2w + 3w2),
h = 19 − 127 (2v4 + v3 + uv3 + uv2 + 2w3 + w2 + uw2 + 3u2),
f = 19 − 127 (2w4 + w3 + vw3 + vw2 + 2u3 + u2 + u2v + 3v2),
i = 19 − 127 (2w4 + w3 + uw3 + uw2 + 2v3 + v2 + uv2 + 3u2),
e = 29 − 127 (4u3 + 4v3 + 4w3 + u2(v + w) + v2(u + w) + w2(u + v) + 2u2 + 2v2 + 2w2).
Furthermore, based on Deﬁnition 2, we can introduce the following deﬁnition.
Deﬁnition 3. Given the control net {Pi,j,k, i + j + k = n}, three noncollinear vertices H1, H2, H3 and the triangular
domain T : {u, v,w0, u + v + w = 1} where (u, v,w) is the barycentric coordinates with respect to the triangle
H1H2H3, if we set the basis Cni,j,k(u, v,w) recursively by Deﬁnition 2, then the surface
P(u, v,w) =
∑
i+j+k=n
Cni,j,k(u, v,w)Pi,j,k, u, v,w0, u + v + w = 1
is called degree n triangular DP surface, decided by the control net {Pi,j,k, i + j + k = n} and over the triangular
domain T.
4. Algebraic properties of triangular DP basis
The triangular DP basis {Cni,j,k(u, v,w), i + j + k = n} constructed in Section 3 possess the properties (a)–(c)
mentioned in Section 3.1 obviously. Thus, we conclude that the triangular DP surface is a convex combination of its
control points, hence the surface must lie in the convex hull of its control net by properties (a) and (b).
As for the linear independence property of the triangular bivariate basis, its proof is presented in the Appendix.
5. Recursive evaluation algorithm
We give the following recursive algorithm for evaluating the triangular DP surface P (u, v,w) in this section.
Algorithm 1.
Step 1: Let P (n)i,j,k = Pi,j,k
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Step 2:
Step 2.1: For m = n − 1, n − 2, . . . , 3 and m is odd. For i + j + k = m if 0< i, j, k <m, P (m)i,j,k = 13 (P (m+1)i+1,j,k +
P
(m+1)
i,j+1,k + P (m+1)i,j,k+1):
if i = 0,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i+1,j,k)
(
j >
m + 1
2
)
,
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i,j,k+1 + P (m+1)i+1,j,k)
(
j = m + 1
2
)
,
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i,j+1,k + P (m+1)i+1,j,k)
(
k = m + 1
2
)
,
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i+1,j,k)
(
k >
m + 1
2
)
,
if j = 0,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j+1,k)
(
i >
m + 1
2
)
,
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j,k+1 + P (m+1)i,j+1,k)
(
i = m + 1
2
)
,
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i+1,j,k + P (m+1)i,j+1,k)
(
k = m + 1
2
)
,
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i,j+1,k)
(
k >
m + 1
2
)
,
if k = 0,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j,k+1)
(
i >
m + 1
2
)
,
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j+1,k + P (m+1)i,j,k+1)
(
i = m + 1
2
)
,
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i+1,j,k + P (m+1)i,j,k+1)
(
j = m + 1
2
)
,
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i,j,k+1)
(
j >
m + 1
2
)
,
if i = m or j = m or k = m
Pmi,j,k = Pm+1i+1,j,k Pmi,j,k = Pm+1i,j+1,k Pmi,j,k = Pm+1i,j,k+1
Step 2.2: For m = n − 1, n − 2, . . . , 3 and m is even.
For i + j + k = m if 0< i, j, k <m, P (m)i,j,k = 13 (P (m+1)i+1,j,k + P (m+1)i,j+1,k + P (m+1)i,j,k+1):
if i = 0,
⎧⎪⎪⎨
⎪⎪⎩
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i+1,j,k) (j > k),
P
(m)
i,j,k = 13P (m+1)i+1,j,k (j = k),
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i+1,j,k) (k > j),
if j = 0,
⎧⎪⎪⎨
⎪⎪⎩
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j+1,k) (i > k),
P
(m)
i,j,k = 13P (m+1)i,j+1,k (i = k),
P
(m)
i,j,k = 13 (wP (m+1)i,j,k+1 + P (m+1)i,j+1,k) (k > i)
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if k = 0,
⎧⎪⎪⎨
⎪⎪⎩
P
(m)
i,j,k = 13 (uP (m+1)i+1,j,k + P (m+1)i,j,k+1) (i > j),
P
(m)
i,j,k = 13P (m+1)i,j,k+1 (i = j),
P
(m)
i,j,k = 13 (vP (m+1)i,j+1,k + P (m+1)i,j,k+1) (j > i),
if i = m or j = m or k = m:
Pmi,j,k = Pm+1i+1,j,k, Pmi,j,k = Pm+1i,j+1,k, Pmi,j,k = Pm+1i,j,k+1.
Step 3: Let
P(u, v,w) =
∑
i+j+k=3
C3i,j,k(u, v,w)P
(3)
i,j,k +
∑
3<lm,l is odd
P
(l)
l,0,0
l
u +
∑
3<lm,l is odd
P
(l)
0,l,0
l
v
+
∑
3<lm,l is odd
P
(l)
0,0,l
l
w +
∑
3<lm,l is even
P
(l)
l,0,0
l
u+
∑
3<lm,l is even
P
(l)
0,l,0
l
v +
∑
3<lm,l is even
P
(l)
0,0,l
l
w.
Next, we compare the efﬁciency of recursive algorithm for evaluating triangular surfaces in Bézier and DP repre-
sentations. To do this, we only will investigate the respective numbers of multiplication for evaluating every degree
n triangular surface in those two forms, since the corresponding numbers of addition are all equal to the half of the
numbers of multiplication, respectively.
It is well known that the number of multiplication for evaluating a triangular Bézier surface of degree n is
3
n∑
k=1
k(k + 1)
2
= 1
2
n(n + 1)
(
n + 1
2
)
+ 3
4
n(n + 1) = 1
2
n3 + O(n2).
Thus, by recursive algorithm presented in this paper, the number of multiplication for evaluating a triangular DP
surface of degree n is
n∑
k=1
(
k2
2
+ O(k)
)
= 1
6
n(n + 1)
(
n + 1
2
)
+ O(n2) = 1
6
n3 + O(n2).
Therefore, recursive algorithm for triangular DP surfaces is more efﬁcient than the de Casteljau algorithm for
triangular Bézier surfaces. Though O(n3) multiplications are all required for evaluating a degree n surface in two
forms, but evaluating DP form requires only about a third of the number of multiplication to evaluate Bézier form using
the de Casteljau algorithm.
6. Degree elevation for degree 2 triangular DP surface
The degree 2 triangular DP surface P(u, v,w) can be expressed as a triangular DP surface of degree 3, i.e.,
P(u, v,w) =
∑
i+j+k=2
C2i,j,k(u, v,w)Pi,j,k =
∑
i+j+k=3
C3i,j,k(u, v,w)

P i,j,k ,
where

P i,j,k(i + j + k = 3) are the new control points after degree elevation and can be determined as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P 3,0,0 = P2,0,0,

P 0,3,0 = P0,2,0,

P 0,0,3 = P0,0,2,

P 2,1,0 = P2,0,0 + 2P1,1,0 − 23,

P 2,0,1 = P2,0,0 + 2P1,0,1 − 23,

P 1,2,0 = P0,2,0 + 2P1,1,0 − 23,

P 0,2,1 = P0,2,0 + 2P0,1,1 − 23,

P 1,0,2 = P0,0,2 + 2P1,0,1 − 23,

P 0,1,2 = P0,0,2 + 2P0,1,1 − 23,

P 1,1,1 = 3 ,
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in which
= P1,1,0 + P1,0,1 + P0,1,1.
7. Subdivision formula for degree 3 triangular DP surface
Given a triangle T , suppose that three points Hi ∈ T (i = 1, 2, 3), and the barycentric coordinates of three vertices
H1, H2, and H3 of the triangle H1H2H3 with respect to the triangle T are (ui, vi, wi), i = 1, 2, 3; also given a point
P ∈ H1H2H3 ⊆ T , suppose the barycentric coordinates of P with respect to the triangle T and the triangle H1H2H3
are (u, v,w) and (u∗, v∗, w∗), respectively. Then a part of the triangular DP surface P(u, v,w) of degree 3 deﬁned
by Deﬁnition 3, as a subsurface of the surface P(u, v,w), which is deﬁned over the triangle H1H2H3 according to
Deﬁnition 3, is also a degree 3 triangular DP surface, can be expressed as
P ∗(u∗, v∗, w∗) =
∑
i+j+k=3
C3i,j,k(u
∗, v∗, w∗)Qi,j,k (u∗, v∗, w∗) ∈ H1H2H3 ⊆ T ,
and can be obtained via the following approaches:
Step 1: By using basis conversion formula from degree 3 triangular DP basis to degree 3 triangular Bernstein basis,
convert the triangular DP surface P(u, v,w)((u, v,w) ∈ T ) into a triangular Bézier surface. That is,
P(u, v,w) =
∑
i+j+k=3
C3i,j,k(u, v,w)Pi,j,k =
∑
i+j+k=3
B3i,j,k(u, v,w)Ti,j,k (u, v,w) ∈ T ,
where Ti,j,k can be expressed by Pi,j,k(i, j, k0, i + j + k = 3) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
T3,0,0 = P3,0,0, T0,3,0 = P0,3,0, T0,0,3 = P0,0,3,
T2,1,0 = P2,1,0 + 2P1,1,13 , T2,0,1 =
P2,0,1 + 2P1,1,1
3
,
T0,2,1 = P0,2,1 + 2P1,1,13 , T1,2,0 =
P1,2,0 + 2P1,1,1
3
,
T1,0,2 = P1,0,2 + 2P1,1,13 , T0,1,2 =
P0,1,2 + 2P1,1,1
3
,
T1,1,1 = P1,1,1.
Step 2: Find the subsurface of the triangular Bézier surface P(u, v,w), which is deﬁned over the triangle H1H2H3.
That is, we have the shifting operators E1, E2, and E3,
E1Ti,j,k = Ti+1,j,k, E2Ti,j,k = Ti,j+1,k, E3Ti,j,k = Ti,j,k+1,
such that
T ∗i,j,k = (u1E1 + v1E2 + w1E3)i(u2E1 + v2E2 + w2E3)j (u3E1 + v3E2 + w3E3)kT000,
i, j, k0, i + j + k = 3,
and hence
P(u, v,w) =
∑
i+j+k=3
B3i,j,k(u, v,w)Ti,j,k =
∑
i+j+k=3
B3i,j,k(u
∗, v∗, w∗)T ∗i,j,k ,
(u, v,w) ∈ H1H2H3 ⊆ T .
Step 3: By using basis conversion formula from degree 3 triangular Bernstein basis to degree 3 triangular DP basis,
convert the subsurface of the triangular Bézier surface P(u, v,w), which is deﬁned over the triangle H1H2H3, into a
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Fig. 7. The triangular DP surfaces of degree 2 (left) and degree 3 (right).
triangular DP surface. That is,
P(u∗, v∗, w∗) =
∑
i+j+k=3
B3i,j,k(u
∗, v∗, w∗)T ∗i,j,k =
∑
i+j+k=3
C3i,j,k(u
∗, v∗, w∗)Qi,j,k ,
(u∗, v∗, w∗) ∈ H1H2H3 ⊆ T ,
where Qi,j,k can be expressed by T ∗i,j,k(i, j, k0, i + j + k = 3) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
Q3,0,0 = T ∗3,0,0,Q0,3,0 = T ∗0,3,0,Q0,0,3 = T ∗0,0,3,
Q2,1,0 = 3T ∗2,1,0 − 2T ∗1,1,1,Q2,0,1 = 3T ∗2,0,1 − 2T ∗1,1,1,
Q1,2,0 = 3T ∗1,2,0 − 2T ∗1,1,1,Q0,2,1 = 3T ∗0,2,1 − 2T ∗1,1,1,
Q1,0,2 = 3T ∗1,0,2 − 2T ∗1,1,1,Q0,1,2 = 3T ∗0,1,2 − 2T ∗1,1,1,
Q1,1,1 = T ∗1,1,1.
Two low degree triangular DP surfaces can be drawn as shown in Fig. 7.
8. Conclusion
In this paper, we construct a new type of bivariate basis—triangular DP basis. Though it cannot be held that the
basis accordingly degenerate to the univariate basis functions when one of the three parameters u, v,w is taken
as zero, yet through a proper modiﬁcation, the triangular DP basis still inherit some useful algebraic properties,
such as recursiveness, independence property, symmetry and normality, of the univariate basis; especially, the degree
distributing of the basis, from the outside to the inside of the triangular net, shows the inverse pyramid-like shape. Thus,
fast evaluation or degree-elevation for the triangular DP surface can be guaranteed. We believe that it has a great future
in application of geometric design, especially in computing.
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Appendix. The proof of linear independence property of the basis functions
For any (u, v,w), that
∑
i+j+k=nPi,j,kCni,j,k(u, v,w) = 0, then Pi,j,k = 0, i + j + k = n.
Proof. Suppose that the triangular DP basis of degree n=m−1 are linearly independent (without loss of generality, we
can suppose thatm is even). That is for any (u, v,w), if∑i+j+k=m−1Pi,j,kCm−1i,j,k (u, v,w)=0, thenPi,j,k=0, i+j+k=
m−1.Nowwe assumewhenn=m, there are control pointsPi,j,k, i+j+k=m, satisfy∑i+j+k=mPi,j,kCmi,j,k(u, v,w)=
0, u, v,w0, u + v + w = 1. Thus it is obvious to see that
∑
i+j+k=m
Pi,j,kC
m
i,j,k(u, v,w)
=
⎛
⎝∑
i=m
+
∑
j=m
+
∑
k=m
+
j,k =m∑
i=0
+
i,k =m∑
j=0
+
i,j =0∑
k=0
+
∑
0<i,j,k<m
⎞
⎠Pi,j,kCmi,j,k(u, v,w)
=
∑
k=0, m2 <i<m−1
1
3 (uP i+1,j,k + Pi,j,k+1)Cm−1i,j,k +
∑
k=0, m2 <j<m−1
1
3 (vP i,j+1,k + Pi,j,k+1)Cm−1i,j,k
+ 13
(
uP m
2 +1, m2 −1,0 + Pm2 , m2 ,0 + Pm2 , m2 −1,1
)
Cm−1m
2 ,
m
2 −1,0
+ 13
(
vP m
2 −1, m2 +1,0 + Pm2 , m2 ,0 + Pm2 −1, m2 ,1
)
Cm−1m
2 −1, m2 ,0
+
∑
j=0, m2 <i<m−1
1
3 (uP i+1,j,k + Pi,j+1,k)Cm−1i,j,k
+
∑
j=0, m2 <k<m−1
1
3 (wP i,j,k+1 + Pi,j+1,k)Cm−1i,j,k
+ 13
(
uP m
2 +1,0, m2 −1 + Pm2 ,0, m2 + Pm2 ,1, m2 −1
)
Cm−1m
2 ,0,
m
2 −1
+ 13
(
wP m
2 −1,0, m2 +1 + Pm2 ,0, m2 + Pm2 −1,1, m2
)
Cm−1m
2 −1,0, m2
+
∑
i=0, m2 <j<m−1
1
3 (vP i,j+1,k + Pi+1,j,k)Cm−1i,j,k
+
∑
i=0, m2 <k<m−1
1
3 (wP i,j,k+1 + Pi+1,j,k)Cm−1i,j,k
+ 13
(
vP 0, m2 +1, m2 −1 + P0, m2 , m2 + P1, m2 , m2 −1
)
Cm−10, m2 , m2 −1
+ 13
(
wP 0, m2 −1, m2 +1 + P0, m2 , m2 + P1, m2 −1, m2
)
Cm−10, m2 −1, m2
+
∑
0<i,j,k<m−1
1
3 (Pi+1,j,k + Pi,j+1,k + Pi,j,k+1)Cm−1i,j,k + Cm−1m−1,0,0Pm,0,0
+ Cm−10,m−1,0P0,m,0 + Cm−10,0,m−1P0,0,m + Qm
=
∑
i+j+k=m−1
P ∗i,j,kC
m−1
i,j,k + Qm,
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where
P ∗i,j,k|(i+j+k=m−1)
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Pm,0,0(i = m − 1), P0,m,0(j = m − 1), P0,0,m(k = m − 1),
1
3 (vP i,j+1,k + Pi+1,j,k)
(
i = 0, m2 <j <m − 1
)
, 13 (wP i,j,k+1 + Pi+1,j,k)
(
i = 0, m2 <k <m − 1
)
,
1
3
(
vP 0, m2 +1, m2 −1 + P0, m2 , m2 + P1, m2 , m2 −1
)
(i = 0, j = m2 ), 13
(
wP 0, m2 −1, m2 +1 + P0, m2 , m2 + P1, m2 −1, m2
)
(
i = 0, k = m2
)
,
1
3 (uP i+1,j,k + Pi,j+1,k)
(
j = 0, m2 < i <m − 1
)
, 13 (wP i,j,k+1 + Pi,j+1,k)
(
j = 0, m2 <k <m − 1
)
,
1
3
(
uP m
2 +1,0, m2 −1 + Pm2 ,0, m2 + Pm2 ,1, m2 −1
) (
j = 0, i = m2
)
, 13
(
wP m
2 −1,0, m2 +1 + Pm2 ,0, m2 + Pm2 −1,1, m2
)
(
j = 0, k = m2
)
,
1
3 (uP i+1,j,k + Pi,j,k+1)
(
k = 0, m2 < i <m − 1
)
, 13 (vP i,j+1,k + Pi,j,k+1)
(
k = 0, m2 <j <m − 1
)
1
3
(
uP m
2 +1, m2 −1,0 + Pm2 , m2 ,0 + Pm2 , m2 −1,1
) (
k = 0, i = m2
)
, 13
(
vP m
2 −1, m2 +1,0 + Pm2 , m2 ,0 + Pm2 −1, m2 ,1
)
(
k = 0, j = m2
)
,
1
3 (Pi+1,j,k + Pi,j+1,k + Pi,j,k+1) (0< i, j, k <m − 1),
Qm = mu Pm,0,0 + mv P0,m,0 + mwP0,0,m.
It is easy to see that here the degree of the surface Qm is m, and the degree of the surface
∑
i+j+k=m−1P ∗i,j,kC
m−1
i,j,k is
m − 1. So∑i+j+k=mPi,j,kCmi,j,k(u, v,w) = 0 if and only if Qm and∑i+j+k=m−1P ∗i,j,kCm−1i,j,k are all zero vector. By
induction onn, it follows thatP ∗i,j,k=0, i+j+k=m−1.Based on the above expressions,weknowPi,j,k=0, i+j+k=m.
On the other hand, the proof can be similarly given when m is odd. In addition the linear independence is obvious when
n = 2, 3, 4. We can thus complete the proof. 
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